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NOTICES 

When Government d r a w i n g s ,  
s p e c i f i c a t i o n s ,  o r  o t h e r  d a t a  
a r e  used f o r  any  p u r p o s e  o t h e r  
t h a n  i n  c o n n e c t i o n  w i t h  a de-  
f i n i t e l y  r e l a t e d  Government  
p r o c u r e m e n t  o p e r a t i o n ,  t h e  
U n i t e d  S t a t e s  Government  t h e r e -  
by i n c u r s  no r e s p o n s i b i l i t y  
n o r  any  o b l i g a t i o n  w h a t s o e v e r ;  
and t h e  f a c t  t h a t  t h e  Govern -  
ment may have f o r m u l a t e d ,  f u r -  
n i s h e d ,  o r  i n  any way s u p p l i e d  
t h e  s a i d  d r a w i n g s ,  s p e c i f i c a -  
t i o n s ,  o r  o t h e r  d a t a ,  i s  n o t  
t o  be r e g a r d e d  by  i m p l i c a t i o n  
o r  o t h e r w i s e  as  i n  any manner  
l i c e n s i n g  t h e  h o l d e r  o r  any 
o t h e r  p e r s o n  o r  c o r p o r a t i o n ,  
o r  c o n v e y i n g  any  r i g h t s  o r  p e r -  
m i s s i o n  t o  m a n u f a c t u r e ,  use ,  
o r  s e l l  any p a t e n t e d  i n v e n t i o n  
t h a t  may i n  any way be r e l a t e d  
t h e  r e  t o .  
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ABSTRACT 

From t h e  “Jitterbug” concep t  
o f  R .  Buckminster F u l l e r  a 
new concep t  of  expandab les  
was d e r i v e d .  The Rotation- 
Translation Transformation 
of Platonic Polyhedra. The 
i n v e s t i g a t i o n  w i t h i n  t h i s  
r e p o r t  i l l u s t r a t e s  t h e  t r a n s -  
f o r m a t i o n  concept  a n d  p re -  
s e n t s  f i l l i n g  concep t s  s tem-  
m i n g  from the  t r a n s f o r m a t i o n .  

Three concep t s  f o r  f i l l i n g  
t h e  void a r e a s  c r e a t e d  by 
f a c e  r o t a t i o n - t r a n s l a t i o n  
t r a n s f o r m a t i o n  o f  P l a t o n i c  
Polyhedra  a r e  p r e s e n t e d .  
One concept  u t i l i z e d  t h e  
t r a n s f o r m a t i  on concep t  i t -  
s e l f  i n  c o n j u n c t i o n  wi th  t h e  
t r a n s f o r m a t i o n  c o n c e p t s :  
Double Rotation-Translation 
Transformation. The o t h e r  
two concep t s  depend u p o n  long 
r ecogn ized  expandab le  c o n c e p t s :  
Folding Rotation-Translation 
Transformation a n d  Fanning 
Rotation-Translation Trans- 
format ion. 
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INTRODUCTORY NOTE 

I n  o r d e r  t o  make t h e  t r a n s f o r m a t i o n  more m e a n i n g f u l  and t o  
a i d  i n  v i s u a l i z i n g  t h e  s e r i e s ,  s t e r e o  p h o t o g r a p h s  h a v e  been 
used.  W i t h  t h e  u s e  o f  s t e r e o  p h o t o g r a p h s  a t h r e e  d i m e n s i o n -  
a l  e f f e c t  c a n  be  o b t a i n e d ,  w h i c h  w i l l  a l l o w  t h e  r e a d e r  t o  
g r a s p  t h e  t r a n s f o r m a t i o n s  more q u i c k l y .  W i t h  t h e  a i d  o f  t h e  
s t e r e o  v i e w e r  s u p p l i e d  w i t h  t h e  r e p o r t  and by  f o l l o w i n g  t h e  
s i m p l e  s t e p s  o u t l i n e d  be low,  l i t t l e  d i f f i c u l t y  w i l l  be  i n -  
c u r r e d  i n  o b t a i n i n g  t h e  s t e r e o  e f f e c t .  

How t o  Use t h e  S t e r e o  V i e w e r  

1 .  P l a c e  t h e  r e p o r t  d i r e c t l y  i n  f r o n t  o f  you ,  s o  t h a t  t h e  
page l i e s  f l a t .  

2 .  P l a c e  v i e w e r  and p i c t u r e  t o w a r d  a l i g h t  s o u r c e .  B o t h  
s t e r e o  p i c t u r e s  m u s t  be i l l u m i n a t e d  e q u a l l y  w i t h o u t  any 
shadow. 

3 .  Make s u r e  t h e  b o t t o m  edge o f  t h e  s t e r e o  p i c t u r e s  i s  
p a r a l l e l  t o  t h e  l i n e  between t h e  l e n s e s .  (Some d e f e c t s  
o f  v i s i o n  may n e c e s s i t a t e  a s l i g h t  t w i s t  o f f  t h e  p a r a l -  
l e l . )  B o t h  p i c t u r e s  mus t  be  l e v e l - - o n e  m u s t  n o t  b e  
h i g h e r  t h a n  t h e  o t h e r .  

4 .  I f  y o u  wear  g l a s s e s ,  use them w h i l e  v i e w i n g .  

5.  I n  some c a s e s ,  f o c u s i n g  may be  i m p r o v e d  by  r a i s i n g  o r  
l o w e r i n g  t h e  v i e w e r .  

6 .  I f  y o u  d o n ' t  see  s t e r e o  i m m e d i a t e l y ,  r e l a x  y o u r  eyes  as  
i f  g a z i n g  i n t o  a d i s t a n c e ;  t h i s  w i l l  p u t  y o u r  eyes  i n  
p a r a l l e l  s o  t h a t  t h e  p i c t u r e s  f u s e  t o g e t h e r  and  combine 
i n t o  one. 

7 .  G i v e  y o u r  e y e s  a f a i r  amount o f  t i m e  t o  f u s e  t h e  s t e r e o  
p i c t u r e s ;  o n l y  8% o f  t h e  p e o p l e  c a n n o t  see s t e r e o .  

8.  By f o l l o w i n g  t h e  above p r o c e d u r e  and a f t e r  a l i t t l e  
p r a c t i c e  a l l  o t h e r  v i e w i n g s  w i l l  come w i t h  l i t t l e  e f f o r t .  

9 .  If i t  g e t s  d i r t y ,  t h e  s t e r e o  v i e w e r  s h o u l d  b e  c l e a n e d  
o n l y  w i t h  a s o f t  w h i t e  c l o t h .  

X 



T r y  o u t  t h e  s t e r e o  v i e w e r  o n  t h e  
s t e r e o  p a i r  shown h e r e , f o l l o w i n g  
t h e  p r o c e d u r e  s u g g e s t e d  on  t h e  
p r e v i o u s  page.  
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I .  INTRODUCTION 81 B A C K G R O U N D  

W i t h  t h e  i n c r e a s e  i n  t e c h n o l o g i c a l  change which i s  

m a n i f e s t  around us,  we never  c e a s e  u s i n g  m a t e r i a l s  and 

knowledge c o n g r u e n t l y  i n  e v e r y t h i n g  t h a t  i s  c r e a t e d  o r  

evolved  t o d a y .  We no longe r  use one a r e a  as  a n  e n t i t y  w i t h -  

i n  i t s e l f  b u t  c o - o r d i n a t e  and u n i t e  i t  w i t h  o t h e r  a r e a s  t o  

advance i d e a s ,  c o n c e p t s ,  a n d  d e s i g n s .  The c o n v e n t i o n a l  

boundar i e s  between s c i e n c e s  a r e  found t o  be n e i t h e r  f i x e d  

no r  a b s o l u t e .  A n  i n c r e a s i n g  tendency  has  been t o  e x p l o r e  

i n  eve ry  s c i e n c e  t h o s e  a r e a s  t h a t  l i e  n e a r  t h e  b o u n d a r i e s ,  

and t h i s  has  i n e v i t a b l y  l ed  t o  t h e  c r o s s i n g  o f  these  bounda- 

r i e s .  Most r e s e a r c h e r s ,  however, who a r e  i n  a border 'pro-  

v i n c e  have t o  s p e c i a l i z e  i n  t h e i r  p r o v i n c e  a l m o s t  a s  narrow- 

l y  a s  t h o s e  who work w i t h i n  a s i n g l e  d i s c i p l i n e .  They con-  

c e n t r a t e  on a p a r t i c u l a r  problem, s t r a d d l i n g  the  b o r d e r ,  

j u s t  a s  t h e  r e s e a r c h e r  w i t h i n  a more c o n v e n t i o n a l  f i e l d  

c o n c e n t r a t e s  on a p a r t i c u l a r  problem l y i n g  w i t h i n  t h a t  f i e l d .  

Ye t ,  i n  o u r  i n d u s t r i a l - t e c h n o l o g i c a l  c u l t u r e  t o d a y ,  t h e r e  

i s  a d e f i n i t e  need f o r  r e s e a r c h e r s  who can c r o s s  t h e  l i n e s  

and make use of  t h e  l a n g u a g e  a r t s ,  ma themat i c s ,  s c i e n c e s ,  

and s o c i a l  s c i e n c e s  and who can become invo lved  i n  s t u d y ,  

e x p e r i m e n t a t i o n ,  and t h e  a p p l i c a t i o n  among t h e s e  a r e a s .  

W i t h  t h e  complex i ty  o f  our  t e c h n o l o g i c a l  envi ronment  u t i l i z -  

i n g  t he  s p e c i a l i z e d  s c i e n c e s  i n  r e l a t i o n s h i p  t o  each o t h e r ,  



i t  i s  most d e s i r a b l e  t o  i n c l u d e  r e s e a r c h e r s  who can co- 

o r d i n a t e  r e s e a r c h  done i n  many a r e a s .  

One a r e a  o f  concern  h e r e ,  t h a t  draws upon many f i e l d s ,  

and c r o s s e s  o v e r  many b o u n d a r i e s ,  i s  t h a t  o f  s t r u c t u r a l  de- 

s i g n  c o n c e p t s  f o r  a e r o s p a c e  a p p l i c a t i o n .  T h e  use of s t r u c -  

t u r e s  t o  house and p r o t e c t  t h e  v a r i e t y  o f  o b j e c t s  man b u i l d s  

w i l l  be needed t o  a i d  i n  his conques t  and e x p l o r a t i o n  o f  

s p a c e .  O f  t h e  v a r i e t y  of s t r u c t u r a l  d e s i g n  c o n c e p t s ,  con- 

s i d e r a b l e  a t t e n t i o n  has been brought  t o  b e a r  on the  p o t e n t i a l  

o f  expandab le  s t r u c t u r e s  f o r  a e r o s p a c e  a p p l i c a t i o n s .  The 

p o s s i b i l i t y  o f  f a b r i c a t i n g  a s t r u c t u r a l  c o n f i g u r a t i o n  on  

e a r t h ,  packaging i t  i n  a small  c o n t a i n e r  f o r  l a u n c h ,  and 

expanding  i t  upon command t o  a p rede te rmined  s i z e  a n d  s h a p e  

has  d i s t i n c t  and o b v i o u s a d v a n t a g e s .  

According t o  Webs te r ' s  D i c t i o n a r y  t he  word expand i n -  

d i c a t e s  i n c r e a s e  i n  e x t e n t .  T h e r e f o r e ,  t h e  use  of t h e  te rm 

expandable  s t r u c t u r e s  has a broad c o n n o t a t i o n .  I t  i n c l u d e s  

any s t r u c t u r e  t h a t  g e o m e t r i c a l l y  expands - -occur r ing  a long  

one a x i s  o n l y ;  i t  may a l s o  mean an i n c r e a s e  i n  two d i r e c t i o n s ;  

o r  i t  may mean expans ion  in any d i r e c t i o n  u t i l i z i n g  t h r e e  

o r  more a x e s .  

There  a r e  g e n e r a l l y  t h r e e  c l a s s i f i c a t i o n s  i n  which e x -  

pandab le  s t r u c t u r e s  f o r  ae rospace  a p p l i c a t i o n s  f a l l : *  

I n f l a t e d ,  p r e s s u r e - s t a b i l i z e d  s t r u c t u r e s ;  

I n f l a t e d ,  r i g i d i z e d  s t r u c t u r e s ;  

Mechan ica l l y  expanded, framework s t a b i l i z e d  s t r u c t u r e s .  

*Aerospace Expandable S t r u c t u r e s  I . ,  p .  7 .  
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The m e c h a n i c a l l y  expanded or r i g i d  system " i s  made u p  o f  

r i g i d  components compacted i n t o  a small  package which ,  u p o n  

s i g n a l ,  r e a r r a n g e  themselves  t o  p r o v i d e  f o r  g r e a t e r  s u r f a c e  

a r e a  a n d  e n c l o s e d  volume!* Five  b a s i c  c o n c e p t s  have been 

c o n s i d e r e d  as  a p p l i c a b l e  t o  r i g i d  expandab le  s t r u c t u r e s - -  

one i s  r e l a t i v e l y  new a n d  l i t t l e  i n  r e g a r d s  t o  a p p l i c a t i o n  

has been done w i t h  i t . '  

l a t e r  i n  t h i s  r e p o r t .  

A s i x t h  concep t  s h a l l  be i n t r o d u c e d  

F igure  1 

T e l e s c o p i n g  Concept:  

The t e l e s c o p i n g  mechanisms c o n s i s t  o f  a s e r i e s  o f  
r i g i d  components t h a t  t r a n s l a t e  on a common a x i s  s l i d i n g  i n  
and o u t  o f  each o t h e r ,  thus  p e r m i t t i n g  u n i d i r e c t i o n a l  ex-  
pans ion  i n  pack ing .  

* W r i g h t ,  F .  N .  l . ,  p .  11 .  

' L e b o v i t s ,  M .  e t  a l ;  W r i g h t ,  F .  N .  l . ,  p p .  1 1 - 1 6 .  
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F i g u r e  2 

F o  Zding Concept:  
Th.. F r r l A ; n n  m n r h = . n ; ~ m ~  r r r n c ; r +  
I I I F  I u t u l l l y  I l l C b l l U l l  l 3 1 l 1 3  L W I I J  1 3 c  c f  a s e r i e s  c f  r ig id  bars 

a n d / o r  p a n e l s  w h i c h  a r e  h i n g e d  t o g e t h e r  a t  t h e  ends o r  s i d e s .  
They a r e  expanded o r  compacted a b o u t  t h e i r  h i n g e d  j o i n t s  un -  
t i l  t h e y  l i e  i n  a p r e d e t e r m i n e d  p o s i t i o n .  

F i g u r e  3 

Fan Concept:  

The f a n  c o n c e p t  e n t a i l s  r o t a t i o n  o f  r i g i d  components 
By t h i s  means, an i n  common p l a n e s  a b o u t  a c e n t r a l  a x i s .  

expanded o r  compacted  s t r u c t u r e  r e s u l t s .  
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F i g u r e  4 

Umbr e 11 a Conce p t : 

t h e  u m b r e l l a  c o n c e p t  u t i l i z e s  r i g i d  component r o t a t i o n  
i n  m u t u a l l y  p e r p e n d i c u l a r  p l a n e s  a b o u t  a common p o i n t .  

F i g u r e  5 

V a r i a b l e  Geometry Concept: 

The v a r i a b l e  geomet ry  c o n c e p t  u t i l i z e s  f r a m e  a r c h e s  and 
a base r i n g .  The a r c h e s  a r e  a t t a c h e d  a b o u t  t h e  base r i n g  
and  b y  means o f  h i n g i n g  and a c t u a t i n g ,  t h e  a r c h e s  can  be r o -  
t a t e d  t o  assume t h e  d e s i r e d  c o n f i g u r a t i o n .  The a r c h e s  l i e  
i n  one p l a n e  i n  t h e  compressed s t a t e ;  i n  t h e  d e p l o y e d  s t a t e  
t h e y  a r e  r o t a t e d  t o  assume a t h r e e - d i m e n s i o n a l  s t r u c t u r a l  
f ramework .  
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I 1  THE TRANSFORMATION OF 
POLYHEDRA 

I t  has l o n g  been known t h a t  s p h e r e s  c l o s e l y  p a c k e d  

a r o u n d  a c e n t r a l  s p h e r e  d o  n o t  f o r m  a l a r g e r  s p h e r e .  A 

p o l y h e d r o n ,  however ,  bounded b y  1 4  f a c e s  i s  f o rmed .  T h i s  

p o l y h e d r o n  c o n s i s t s  o f  s i x  s q u a r e s  and e i g h t  t r i a n g l e s .  

R .  B u c k m i n s t e r  F u l l e r ,  i n  h i s  d i s c u s s i o n  o f  E n e r g e t i c -  

S y n e r g e t i c  Geometry ,  r e f e r s  t o  t h i s  1 4 - f a c e d  g e o m e t r i c  con-  

f i g u r a t i o n  a s  t h e  V e c t o r  Equilibrium. 

The p o l y h e d r o n ,  commonly known a s  t h e  HezoctaJzedron o r  

Cuboctahedron, i s  l i t e r a l l y  a n  e q u i l i b r i u m  o f  v e c t o r s .  The 

v a l u e  o f  i t s  r a d i a l  v e c t o r s  i s  e x a c t l y  t h e  same a s  t h a t  o f  

i t s  c i r c u m f e r e n t i a l  v e c t o r s . *  The l e n g t h  o f  t h e  d i s t a n c e  

f r o m  any o f  t h e  p o l y h e d r o n ' s  c e n t e r  t o  i t s  v e r t i c e s  i s  e q u a l  

t o  t h e  l e n g t h  o f  any o f  i t s  e l e m e n t s .  F o r  t h i s  r e a s o n  an 

e q u i l i b r i u m  e x i s t s  where  t h e  l i n e s  o f  f o r c e  r a d i a t e  f r o m  i t s  

c e n t e r ,  and b i n d  i n w a r d  a r o u n d  i t s  p e r i p h e r y .  

F u l l e r  i n d i c a t e d  t h a t  t h e  r e m o v a l  o f  t h e  c e n t e r  s p h e r e  

w o u l d  cause  a s i g n i f i c a n t  change i n  t h e  c l o s e  p a c k i n g  o f  

s p h e r e s  , a 2 0 - s i d e d  p o l y h e d r o n  w o u l d  r e s u l t - - a n  i cQsahedron .  

T h i s  change s u g g e s t e d  t h a t  a V e c t o r  E q u i l i b r i u m  c o u l d  be  

t r a n s l a t e d  i n t o  an i c o s a h e d r o n  and v i c e  v e r s a .  The same 

number o f  s u r f a c e - d e f i n i n g  s p h e r e s  e x i s t  be tween  t h e  t w o  

p o l y h e d r a  and t h e y  b o t h  have 1 2  v e r t i c e s .  Each has sym- 

m e t r i c a l  s i m i l a r i t i e s .  A f a m i l y  o f  r e l a t i o n s h i p s  w h i c h  i s  

*Marks,  R. W .  l . ,  p. 4 1 .  
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c a p a b l e  o f  c y c l i n g  t h r o u g h  a s equence  o f  phases  e x i s t e d  

which F u l l e r  c a l l e d  "Regenera t i ve" .  T h i s  s equence  o f  phases  

can be v i s u a l l y  i l l u s t r a t e d  w i t h  t he  c o n s t r u c t i o n  of  ( a s  

F u l l e r  c a l l s  i t )  t h e  " J i t t e r b u g " . *  .The sequence  s t a r t s  w i t h  

t h e  V e c t o r  E q u i l i b r i u m  and w h e n  r e l e a s e d  i t  compresses  sym- 

m e t r i c a l l y  i n t o  an i c o s a h e d r o n  and t h e n  i n t o  an o c t a h e d r o n .  

Through i n v e s t i g a t i o n  o f  F u l l e r ' s  "Regenera t i ve"  and 

c o o r d i n a t i o n  w i t h  r e s e a r c h  conduc ted  on t h e  PZatonic  and 

Archimedean PoZyhedra a very u n i q u e  c o n c e p t  o f  p o l y h e d r a l  

t r a n s f o r m a t i o n  was d e r i v e d . ?  T h i s  s i x t h $  c o n c e p t  o f  expand-  

a b l e  s t r u c t u r e s  u s i n g  r i g i d  e x p a n d a b l e  components came t o  

l i g h t  o n l y  r e c e n t l y  through t h e  e f f o r t s  o f  Duncan S t u a r t  o f  

t h e  School  of  Des ign ,  North C a r o l i n a  S t a t e  U n i v e r s i t y .  His 

a r t i c l e ,  " P o l y h e d r a  and Mosiac T r a n s f o r m a t i o n s , "  1963 ,  r e -  

p o r t s  h i s  f i n d i n g s .  

T h e  c o n c e p t  of  p o l y h e d r a l  t r a n s f o r m a t i o n  i n c o r p o r a t e s  
I I  

t h e  use o f  t h e  f a m i l i a r  r e g u l a r  and s e m i - r e g u l a r  p o l y h e d r a .  

I t  i n t r o d u c e s  a n e w  d imens ion  t o  the  o l d  " c l a s s i c a l l '  con-  

c e p t  o f  p o l y h e d r a  t r a n s f o r m a t i o n * *  by i n t r o d u c i n g  a new 

c o n c e p t  of R o t a t i o n - T r a n s l a t i o n  Trans format ion  of  p o l y h e d r a .  

*Marks,  R .  W .  l . ,  p .  4 2 ;  See f i g u r e  6 .  

t A n  i n t e r v i e w  h e l d  wi th  R .  Buckminster  F u l l e r  on 3 May 

+ T h e  o t h e r  f i v e  expandable  c o n c e p t s  a r e  d i s c u s s e d  i n  

1965.  

t h e  p r e c e d i n g  c h a p t e r .  

See F i g u r e  7 .  
II 

**See F i g u r e  8. 
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I n  c o n t r a s t  t o  t h e  " c l a s s i c a l "  method of  t r a n s f o r m a t i o n  o f  

p o l y h e d r a  t h i s  n e w  c o n c e p t  m a i n t a i n s  d i m e n s i o n a l i t y  d u r i n g  

t r a n s f o r m a t i o n  and g e n e r a t e s  a p o l y h e d r a l  form w i t h o u t  re -  

c o u r s e  t o  any s p e c i a l  knowledge o t h e r  t h a n  t h e  r u l e s  of  

t r a n s f o r m a t i o n  d e s c r i b e d  i n  T a b l e  I .  

T h i s  c o n c e p t  of R o t a t i o n - T r a n s l a t i o n  T r a n s f o r m a t i o n  i s  

c h a r a c t e r i  s t i  c o f  a1 1 r e g u l a r  and semi - r e g u l a r  po lyhedra  

( T a b l e  1 1 ) .  By a l l o w i n g  each s u r f a c e  t o  r o t a t e  a b o u t  i t s  

a x i s ,  t r a n s l a t e  a l o n g  i t s  a x i s ,  and m a i n t a i n  c o n n e c t i o n  w i t h  

one of i t s  p a i r e d  v e r t i c e s ;  t h e  s u r f a c e s  e n c l o s i n g  t h e  po ly -  

hedron  w i l l  t r a n s f o r m  i n t o  a n o t h e r  p o l y h e d r a l  form.* 

F i g u r e  6 

" J i t t e r b u g  " 

The  Vec tor  E q u i l i b r i u m  Phase 

The Vec to r  E q u i l i b r i u m  i s  c o n s t r u c t e d  w i t h  c i r c u m f e r -  
e n t i a l  v e c t o r s  o n l y  and w i t h  f l e x i b l e  j o i n t s .  

*See Figure 9.  
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Figure 6 (cont inued)  
" J  i t t e r b ug " 

The Icosahedron Phase 

A s  the t o p  t r i a n g l e  i s  lowered toward the opposite t r i -  
angle ,  equator ia l  ro ta t ion  moves the ve r t i ce s  i n t o  the I C O -  
s a h e d r o i i  phase. I I V I C ;  I I I ~ L  e a c h  of t h e  pa i r s  o f  opposite 
t r i a n g l e s ,  a l t h o u g h  i n  m o t i o n ,  maintain a n  a x i a l  r e l a t ionsh ip .  

L I A T ~ .  T L - L  

The Octahedron Phase 

The completion o f  t h e  cycling r e s u l t s  i n  t h e  phase o f  
an  Octahedron. 
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Tetrahedron 

I c o s  a hed r o n  

Octahedron 

I 
I 
I 
I 
I 

/ 
I 

Hexahedron 

Dodecahedron 

Figure 7 

P l a t o n i c  S o l i d s  

A convex Polyhedron i s  s a i d  t o  be " r egu la r "  i f  i t s  
f aces  a re  regular  a n d  equal,  while i t s  v e r t i c e s  a re  a l l  
surrounded a l i k e .  Eulers ls  theorem s t a t e s  t h a t V  t F = E + 
2 ,  where V ,  F ,  E a re  respect ively the  number o f  v e r t i c e s ,  
f a c e s ,  a n d  edges. I t  can  be shown t h a t  t he re  a re  o n l y  f i v e  
regular  convex Polyhedra. These P l a t o n i c  s o l i d s  a r e  the 
Tetrahedron, Cube (Hexahedron), Octahedron, Icosahedron, 
a n d  (Pentagonal) Dodecahedron. 
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H e x a h e d r o n - T e t r a h e d r o n  t r a h e d r o n - O c t a h e d  r o n  

O c t a h e d r o n - I c o s a h e d r o n  

I cosahedron -Dodecahedron  

F i g u r e  8 

CZassicaZ Trans format ion  o f  P l a t o n i c  S o l i d s  

The Cube i s  c o n v e r t e d  i n t o  a T e t r a h e d r o n  by  an a l t e r -  
n a t e  r e m o v a l  o f  v e r t i c e s .  The T e t r a h e d r o n  i s  c o n v e r t e d  i n t o  
an O c t a h e d r o n  by  t r u n c a t i o n  o f  i t s  v e r t i c e s .  The O c t a h e d r o n  
i s  t r a n s f o r m e d  i n t o  t h e  I c o s a h e d r o n  by  a somewhat more com- 
p l e x  t r u n c a t i o n ,  and s i m i l a r l y  t h e  I c o s a h e d r o n  i s  c o n v e r t e d  
i n t o  t h e  Dodechedron.  A p r i o r  know ledge  o f  t h e  f o r m s  i s  
n e c e s s a r y  b e f o r e  t h e  c o m p l e t e  s e r i e s  o f  t r a n s f o r m a t i o n  may 
b e  a c c o m p l i s h e d .  
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T A B L E  I 

DEFINING RULES F O R  R E G U L A R  A N D  SEMI-REGULAR P O L Y H E D R A *  

1 .  A R e g u l a r  P o l y h e d r o n  must e n c l o s e  a v o l u m e  o f  s p a c e  w i t h  

a s u r f a c e  composed  o f  o n l y  o n e  k i n d  o f  p l a n e  p o l y g o n .  

2 .  These p l a n e  p o l y g o n s  must be e q u i l a t e r a l ,  e q u i a n g u l a r ,  

a n d  r e c t i l i n e a r .  

3 .  T h e  p o l y g o n s  must m u t u a l l y  j o i n  a t  t h e i r  edges a n d  ver- 

t i c e s  s o  a s  t o  c o m p l e t e l y  f i l l  a s i n g l e  i m a g i n e r y  s p h e r i -  

c a l  s u r f a c e  p a s s i n g  t h r o u g h  t h e  j o i n e d  v e r t i c e s .  

4 .  In  a s i m i l a r  f a s h i o n ,  a S e m i - r e g u l a r  P o l y h e d r o n  must be 

t o t a l l y  composed  o f  p l a n e  p o l y g o n s  a s  d e f i n e d  i n  2--  

b u t  now, more  t h a n  o n e  k i n d  o f  p o l y g o n  may be used i n  a 

s i n g l e  p o l y h e d r o n .  

5 .  The re  must be t he  same numbers a n d  k i n d s  o f  p o l y g o n s ,  

j o i n e d  i n  t h e  same o r d e r  ( o r  i t s  e n a n t i o m o r p h ) ,  a t  e a c h  

o f  t he  v e r t i c e s  o f  the  p o l y h e d r a l  s u r f a c e .  

6 .  F o r  R e g u l a r  a n d  S e m i - r e g u l a r  P o l y h e d r a ,  t he  c o r n e r  a n g l e s  

w h i c h  j o i n  a t  a s i n g l e  v e r t e x  m u s t  t o t a l  i n  a g g r e g a t e ,  

l e s s  t h a n  360". 

7 .  The p l a n e  o f  a n y  p o l y g o n ,  i f  e x t e n d e d ,  must n o t  p a s s  

t h r o u g h  t h e  i n t e r i o r  v o l u m e  o f  t h e  p o l y h e d r o n .  A n d ,  a 

p l a n e  p a s s e d  t h r o u g h  t h e  p o l y h e d r o n  a t  r andom w i l l  a l w a y s  

h a v e  a s i n g l e  c l o s e d  p o l y g o n  a t  i t s  l i n e  o f  i n t e r s e c t i o n  

w i t h  t h e  p o l y h e d r a l  s u r f a c e .  

* S t u a r t  l . ,  p .  5.  
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(TABLE 1 1 )  

CHARACTERISTICS OF THE 
REGULAR AND SEMI-REGULAR POLYHEDRA 

c 
m 

Name 

D e s i g n a t i o n  

S c h i  'a'f 1 i 
Symbol *  

Ln 

V 

LL 
tu 

w 

Ln 
aJ 
V 

U 
- 
i 
aJ 
> 

T e t r a h e d r o n  4 - -  - - -  33 4 6 4  

Cube - 6 -  - - -  43 6 1 2  8 

- - -  34 8 12  6 O c t a h e d r o n  8 - -  
5 3  1 2  30 20 r n - J - - _ L - A  - 1 2 -  - -  uuurLa i i ru i  U I I  

I c o s a h e d r o n  20 - - - - -  35 20 3 0  1 2  

T r u n c a t e d  T e t r a h e d r o n  4 - -  4 - -  3 . 62 8 1 8  12  

C u b o c t a h e d r o n  8 6 -  - - -  ( 3  . 4 ) 2  1 4  24  1 2  

T r u n c a t e d  Cube 8 - -  - 6 -  3 . 82  1 4  36 24 

T r u n c a t e d  O c t a h e d r o n  - 6 -  8 - -  4 . 6 2  1 4  36  24  

S m a l l  r h o m i c u b o c t a -  8 1 8  - - - -  3 . 43 26 48 24 
h e d r o n  

G r e a t  r h o m i c u b o c t a -  - 1 2 -  8 8 -  4 . 6 . 8  26 72 48 
h e d r o n  

Snub Cube 32 6 - - - -  34 . 4 38 6 0  24 

I c o s a d o d e c a h e d r o n  20  - 1 2  - - - ( 3  . 5)2 32 6 0  30  

T r u n c a t e d  d o d e c a h e d r o n  20 - - - - 1 2  3 . 102 32  90 60  

T r u n c a t e d  i c o s a h e d r o n  - 12  20 20 - 5 . 6 2  32 90  6 0  - 

S m a l l  r h o m i c o s i d o d e c a -  20  3 0  12  - - -  3 . 4 . 5 . 4 6 2  120 6 0  
h e d r o n  

G r e a t  r h o m i c o s i d o d e c a -  - 30 - 20 20 1 2  4 . 6 . 10 6 2  1 8 0  120 
h e d r o n  

Snub d o d e c a h e d r o n  8 0  - 1 2  - - -  34 . 5 92  150  6 0  

* K r a v i t z  l., p .  119.  
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I 1 1  THE RESEARCH C O N D U C T E D  

T h e  P r o b l e m  

A known c o n f i g u r a t i o n  a n d  t h e  number  o f  f a c e s  e x i s t  

p r i o r  t o  t h e  t r a n s f o r m a t i o n  o f  a p o l y h e d r o n .  A t  t h e  c o m p l e -  

t i o n  o f  t h e  t r a n s f o r m a t i o n  t h e  s i z e  a n d  number  o f  o r i g i n a l  

f a c e s  s t i l l  e x i s t ;  h o w e v e r ,  t h e y  h a v e  been t r a n s l a t e d  i n t o  

a new p o s i t i o n  c r e a t i n g  a new p o l y h e d r o n  f o r m  a n d  i n t r o d u c -  

i n g  new f a c e s  t h a t  h a d  n o t  e x i s t e d  p r e v i o u s l y .  T h e  new 

f a c e s  c r e a t e d  d u r i n g  the  t r a n s f o r m a t i o n  t a k e  the  f o r m  o f  

v o i d  a r e a s  a n d ,  b e i n g  u n i q u e  i n  themselves ,  h a v e  d e f i n a b l e  

l i m i t a t i o n s .  

The p r o b l e m  was  t o  c o n d u c t  a c o n c e p t u a l  i n v e s t i g a t i o n  

o f  R o t a t i o n - T r a n s l a t i o n  T r a n s f o r m a t i o n  o f  P l a t o n i c  P o l y h e d r a  

t o  determine means  o f  f i l l i n g  t h e  v o i d  a r e a s  c r e a t e d  d u r i n g  

t h e  t r a n s f o r m a t i o n .  As a s e p a r a t e  e n t i t y  t o  t h e  p r o b l e m ,  

p a t t e r n s  a n d  s i m i l a r i  t i e s  among t h e  t r a n s f o r m a t i o n s  a r e  

i l l u s t r a t e d  s h o w i n g  commonness a n d  o r d e r l i n e s s  among them. 

S i g n i f i c a n c e  o f  t h e  P r o b l e m  

The m o s t  i d e a l  s i t u a t i o n  f o r  e x p a n d a b l e  s t r u c t u r e s  

w o u l d  be t o  c o m p r e s s  t h e  s y s t e m  i n t o  a n  e x t r e m e l y  s m a l l ,  

l i g h t w e i g h t  p a c k a g e  f o r  t r a n s p o r t a t i o n  p u r p o s e s  a n d  d e p l o y  

i t  i n t o  t h e  des i red  c o n f i g u r a t i o n  a f t e r  d e l i v e r y  t o  t he  

d e s i r e d  l o c a t i o n .  T h i s  may be a c c o m p l i s h e d  by u s i n g  t h e  

c o n c e p t  o f  R o t a t i o n - T r a n s l a t i o n  T r a n s f o r m a t i o n  o f  P o l y h e d r a .  

T h e  r i g i d  e x p a n d a b l e  s t r u c t u r e  i s  made up  o f  r i g i d  c o m p o n e n t s  
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compacted i n t o  a s m a l l  package w h i c h  c a n  r e a r r a n g e  t h e m s e l v e s  

t o  p r o v i d e  f o r  a g r e a t e r  s u r f a c e  a r e a  a n d / o r  e n c l o s e d  vo lume 

( T a b l e s  I11 and  I V ) .  

E x p a n d a b l e  s t r u c t u r e s  h a v e  been  r e c e i v i n g  c o n s i d e r a b l e  

a t t e n t i o n  i n  t h e  l a s t  f ew  y e a r s  b y  N A S A .  As  N A S A  p o i n t s  o u t ,  

t h e  p o s s i b l e  a p p l i c a t i o n s  o f  e x p a n d a b l e  s t r u c t u r e s  w h i c h  

have  been  p r o p o s e d  i n  t h e  l a s t  few y e a r s  i n c l u d e  a l m o s t  

e v e r y  c o n c e i v a b l e  ae rospace  s t r u c t u r e .  Such a r e a s  a r e : *  

1. Launch v e h i c l e s  

2 .  Unmanned space v e h i c l e s  

3 .  Manned space  v e h i c l e s  

4.  R e - e n t r y  s t r u c t u r e s  

5 .  V e h i c l e  e x t e n s i o n s  and s e c o n d a r y  s t r u c t u r e s  

6 .  E x p l o r a t i o n  base s t r u c t u r e s  

The s p e c i f i c  a p p l i c a t i o n s  i n  w h i c h  e x p a n d a b l e  s t r u c -  

t u r e s  may be u s e d a r e  l i m i t l e s s  and need n o t  be  d i s c u s s e d  

h e r e .  However,  v e r y  d e f i n i t e  a d v a n t a g e s  a r e  p e r t i n e n t .  The 

p r i n c i p a l  a d v a n t a g e  o f  e x p a n d a b l e  s t r u c t u r e s  i n  a l l  a p p l i c a -  

t i o n  a r e a s  i s  t h e i r  a b i l i t y  t o  b e  packaged  i n t o  a r e l a t i v e l y  

s m a l l ,  e f f i c i e n t l y  shaped vo lume.  Ease o f  e r e c t i o n  i s  an 

a d v a n t a g e  a s s o c i a t e d  w i t h  p a c k a g i n g  and can  a l s o  be  a t t a i n -  

ed .  V e r y  o f t e n  e x p a n d a b l e  s t r u c t u r e s  show a d e c i d e d  w e i g h t  

s a v i n g  a d v a n t a g e  o v e r  e i t h e r  r i g i d  o r  e r e c t a b l e  c o n f i g u r a -  

t i o n s .  One a d v a n t a g e  w h i c h  i s  o f  s p e c i f i c  i n t e r e s t  h e r e  and 

i s  u n i q u e  t o  t h e  t r a n s f o r m a t i o n  c o n c e p t  i s  t h a t  o f  d i m e n s i o n a l  

*Koleum, H. E. l., pp. 89-92. 

-16 -  



s t a b i l i t y .  Dimensional s t a b i l i t y  i n c l u d e s  more t h a n  the  

e l a s t i c  and i n e l a s t i c  d e f l e c t i o n s  o f  a s t r u c t u r e  u n d e r  l o a d . *  

Membrane s t r u c t u r e s ,  used s o  e x t e n s i v e l y  i n  many e x p a n d a b l e  

systems, r e s i s t  normal l o a d s  by r a d i a l  changes  i n  s h a p e  so 

t h a t  t h e  l o a d  i s  s u p p o r t e d  everywhere i n  t e n s i o n .  T h i s  

would a l s o  be t r u e  w i t h  the  use o f  t h e  t r a n s f o r m a t i o n  con- 

c e p t .  

In  o r d e r  t o  make t h e  t r a n s f o r m a t i o n  c o n c e p t  a p r a c t i -  

c a l  ins t rument ,  much r e s e a r c h  needs t o  be done w i t h  i t .  I t  

i s  from t h i s  need t h a t  t h i s  s t u d y  stems i n  an a t t e m p t  t o  

answer  one of t h e  many q u e s t i o n s  a r i s i n g  from t h e  i n i t i a l  

c o n c e p t .  

D e l i m i t a t i o n s  

T h e  po lyhedra l  forms i n v e s t i g a t e d  were l i m i t e d  t o  t h e  

P l a t o n i c  and Archimedian Po lyhedra  a s  d e s c r i b e d  i n  T a b l e s  I 

and 11. 

T h e  i n v e s t i g a t i o n  was f u r t h e r  l i m i t e d  t o  t h e  R o t a t i o n -  

T r a n s l a t i o n  T r a n s f o r m a t i o n  of  P l a t o n i c  Po lyhedra .  

Only r i g i d  components were used  i n  t h e  f i l l i n g  o f  t h e  

v o i d  a r e a s .  

P r o c e d u r e  

T h e  s o l u t i o n  t o  the  problem was approached  by: 

I .  I n v e s t i g a t i o n  of t h e  p l a t o n i c  s o l i d s  used i n  t h e  i n i t i a l  

t r a n s f o r m a t i o n .  D u r i n g  t h i s  phase  o f  the  s t u d y ,  t h e  

* W r i g h t ,  F .  N .  l . ,  p p .  11-16. 
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p l a t o n i c  s o l i d s  were defined a n d  pe r t inen t  c h a r a c t e r i s t i c s  

a n d  s i m i l a r i t i e s  noted. The angles a n d  sur face  configur- 

a t i o n  s tud ie s  were determined f o r  the necessary drawings 

a n d  models t h a t  were constructed.  

11. I n v e s t i g a t i o n  of R o t a t i o n - T r a n s l a t i o n  Trans format ion  of 

PZatonic  Polyhedra.  The underlying theory o f  t r ans fo r -  

m a t i o n  was defined a n d  l imi t ed .  Transformation ca lcu la-  

t i ons  were determined t o  f u r t h e r  a i d  i n  the  co l l ec t ion  

o f  d a t a  necessary f o r  determining s i m i l a r i t i e s  a n d  charac- 

t e r i s t i c s  ex i s t ing  among the forms. This d a t a  was noted 

a n d  used f u r t h e r  f o r  the construct ion o f  the  drawings a n d  

models. 

I I I. I n v e s t i g a t i o n  of t h e  poZyhedron forms c r e a t e d  by t h e  

t r a n s f o r m a t i o n  of t h e  pZa ton ic  and Archimedian PoZyhedra. 

The forms created by the transformation were inves t iga-  

ted t o  f a c i l i t a t e  defining a n d  determining the c h a r a c -  

t e r i s t i c s  a n d  s i m i l a r i t i e s  e x i s t i n g  among these forms. 

The i n v e s t i g a t o r  attempted t o  f i n d  coordinates  f o r  the  

v e r t i c e s  o f  these  s o l i d s  a n d  examined the cases where 

one could be inscr ibed in  another.  Further ca l cu la t ions  

were conducted t o  a i d  i n  the  accumulation o f  the  needed 

d a t a .  

I V .  C o n s t r u c t i o n  of drawings and modets .  Using the d a t a  

previously f o u n d ,  drawings a n d  construct ions of models 

showing the  transformation s e r i e s  was completed. 

V. I n v e s t i g a t i o n  of t h e  v o i d  areas  c r e a t e d  dur ing  t h e  
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transformation. T h i s  phase was c o n d u c t e d  t h r o u g h o u t  t h e  

p r e v i o u s  phases  o f  t h i s  i n v e s t i g a t i o n .  W i t h  t h e  a i d  o f  

t h e  c a l c u l a t i o n s  made and t h e  d r a w i n g s  and mode ls  c o n -  

s t r u c t e d ,  means o f  f i l l i n g  t h e  v o i d  a r e a s  c r e a t e d  d u r i n g  

t h e  t r a n s f o r m a t i o n s  were d e t e r m i n e d .  

V I .  Interpretation of data. The d a t a  f o u n d  d u r i n g  t h e  i n -  

v e s t i g a t i o n s  c o n d u c t e d  d u r i n g  p r e v i o u s  phases was ana- 

l y z e d  f o r  p o s s i b l e  s i m i l a r i t i e s  and p a t t e r n s  a r i s i n g .  

T h i s  a n a l y s i s  was c o n d u c t e d  t h r o u g h  t h e  use  o f  v a r i o u s  

t o o l s  w h i c h  were deemed n e c e s s a r y  t h r o u g h o u t  t h e  s t u d y .  
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( T a b l e  1 1 1 )  

S u r f a c e  A r e a  I n c r e a s e  o f  t h e  T r a n s f o r m a t i o n s  
E l e m e n t  U n i t  = 1 

P o l y h e d r o n  
T r a n s f o r m a t i  on  

T e t r a h e d r o n  

I 
O c t a h e d r o n  

O c t a h e d r o n  

H e x o c t a h e d r o n  

H e x a h e d r o n  

H e x o c t a h e d r o n  

I c o s a h e d r o n  

I 
I c o s a d o d e c a h e d r o n  

~ ~~ 

D o d e c a h e d r o n  

I c o k a d o d e c a h e d r o n  

o f  P o l y h e d r o n  
A r e a  o f  

P o l y h e d r o n  

. 5  

30 25 20 1 5  1 0  5 0 5 1 0  1 5  20 2 5  30 
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(Table I V )  

Volume Increase o f  the Transformations 
Element Unit = 1 

Polyhedron 
Transformati on 

Tetrahedron 

1 
Octahedron 

Octahedron 

Hexoctahedron 

Hexahedron 

Hexoctahedron 

Volume o f  Increase  i n  Volume 
Polyhedron 1 of  Polyhedron 

" 7  
3 

.9 

Icosahedron 
I 

I I 
18 1 5  12  9 6 3 0 3 6 9 1 2  1 5  18 



I V  THE CONCEPTUAL INVESTIGATION 

The P o l y h e d r o n  

Hoppe, i n  1882, c o i n e d  t h e  w o r d  p o l y t o p e :  a g e o m e t r i -  

c a l  f i g u r e  bounded b y  p o r t i o n s  o f  l i n e s ,  p l a n e s ,  o r  h y p e r -  

p l a n e s ;  i n  two  d i m e n s i o n s  i t  i s  a po lygon ,  i n  t h r e e  a poZy- 

hedron? The f o u n d a t i o n s  f o r  t h i s  s u b j e c t  were  l a i d ,  however ,  

b y  t h e  Greeks o v e r  t w o  t h o u s a n d  y e a r s  ago, w i t h  t h e  f i n d i n g s  

o f  E u c l i d .  O t h e r s  such  as K l e i n  and S c h i a f l i  and C o x e t e r  

i n t r o d u c e d  much t o  t h e  c o n c e p t s  o f  t h e  p o l y t o p e .  The a r e a  

o f  i n t e r e s t  i n  t h i s  r e p o r t  i s  t h a t  o f  t h e  p o l y h e d r a l  f o r m s  

o f  t h e  p o l y t y p e s  , s p e c i f i c a l l y  , t h e  r e g u l a r  ( P l a t o n i c )  and  

Quas i -Regu lar  p o l y h e d r a .  

The f i v e ,  s o - c a l l e d  P l a t o n i c  p o l y h e d r a ,  f r o m  t h e  s im-  

p l e s t  g r o u p  o f  t h e  p o l y h e d r a .  I n  E u c l i d ' s  w r i t i n g s ,  The 

E l e m e n t s ,  e x p l a n a t i o n  and d e f i n i t i o n  i s  g i v e n  t o  t h e  f i v e  

r e g u l a r  s o l i d s  as known t o  t h e  a n c i e n t  w o r l d .  These convex 

p o l y h e d r a  a r e  s a i d  t o  be r e g u l a r  i f  t h e y  each have  r e g u l a r  

a n d  e q u a l  f a c e s ,  i f  t h e y  a r e  c o n g r u e n t ,  and if t h e i r  v e r t i c e s  

a r e  r e g u l a r  p o l y h e d r a l  a n g l e s .  ( T a b l e  I, C h a p t e r  11) The 

f i v e  r e g u l a r  p o l y h e d r a  a r e :  ( 1 )  Te t rahedron ,  ( 2 )  Hexahedron 

( c u b e ) ,  ( 3 )  Octahedron,  ( 4 )  Icosahedron,  and ( 5 )  Dodeca- 

hedron .  A l s o  i l l u s t r a t e d  a r e  t h e  t w o  q u a s i - r e g u l a r  p o l y -  

h e d r a :  ( 6 )  Cuboctahedron, a n d  ( 7 )  Icosadodecahedron.  

# 

f 

g C o x e t e r ,  H. S. M. l., p. i x .  
See F i g u r e  10. 



F i g u r e  1 0  

ReguZar and Quasi-ReguZar P o  Zyhedra 

The q u a s i - r e g u l a r  p o l y h e d r a  a r e  s o l i d s  h a v i n g  r e g u l a r  

f aces ,  w h i l e  t h e i r  v e r t e x  f i g u r e s ,  t h o u g h  n o t  r e g u l a r ,  a r e  

c y c l i c  and  e q u i a n g u l a r :  e n c r i p t i b l e  i n  c i r c l e s  and a l t e r n a t e  

s i d e s . *  These t w o  p o l y h e d r a l  f o r m s  a l o n g  w i t h  f i v e  r e g u l a r  

p o l y h e d r a  r o u n d  o u t  t h e  f a m i l y  o f  p o l y h e d r a  encompass ing  t h i s  

s t u d y .  

As  was i l l u s t r a t e d  i n  F i g u r e  9 ( C h a p t e r  1 1 ) ,  t h e  t r a n s -  

f o r m a t i o n  was d e r i v e d  f r o m  a c o m b i n a t i o n  o f  t w o  o f  t h e  t h r e e  

" p r i m i t i v e "  t r a n s f o r m a t i o n s :  t r a n s Z a t i o n  ( i n  a c e r t a i n  

d i r e c t i o n ,  t h r o u g h  a g i v e n  d i s t a n c e ) ,  and r o t a t i o n  ( a b o u t  a 

c e r t a i n  l i n e  o r  a z i s ,  t h r o u g h  a g i v e n  ang le ) . '  

d u a t i t y  o f  t h e  f i v e  r e g u l a r  p o l y h e d r a . '  

s e l f - d u a l ;  t h e  hexahedron  i s  a d u a l  o f  t h e  o c t a h e d r o n ;  

o c t a h e d r o n ,  d u a l  o f  a hexahedron;  t h e  i c o s a h e d r o n ,  d u a l  o f  

N o t e  t h e  

The t e t r a h e d r o n  i s  

* C o x e t e r ,  H. S. M. l . ,  pp. 17-20.  

t C o x e t e r ,  H. S. M. l., pp. 33-38. 

$Candy, H. M. l . ,  pp. 76-82. 
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t h e  dodecahedron;  and t h e  dodecahedron i s  a d u a l  o f  t h e  

i cosahedron .  * 
T a b l e  V shows t h e  t r a n s f o r m a t i o n s  o f  t h e  P l a t o n i c  p o l y -  

h e d r a  and i l l u s t r a t e s  t h e  use o f  t h e  d u a l s .  The c o m b i n a t i o n  

o f  d u a l s  w i l l  t r a n s f o r m  i n t o  a n o t h e r  p o l y h e d r a l  f o r m  c o n t a i n -  

i n g  t h e  t o t a l s  o f  t h e i r  f a c e s ,  t h u s  i n c r e a s i n g  b o t h  s u r f a c e  

a r e a  and vo lume.  Two t e t r a h e d r a  t r a n s f o r m  i n t o  t h e  o c t a -  

h e d r o n ;  t h e  o c t a h e d r o n  and hexahedron  combine  t o  make t h e  

q u a s i - r e g u l a r  p o l y h e d r o n :  h e x o c t a h e d r o n  and t h e  i c o s a -  

h e d r o n  and dodecahedron f o r m  t h e  q u a s i - r e g u l a r  p o l y h e d r o n :  

i cosadodecahedron.  t 

From i n v e s t i g a t i o n  o f  t h e s e  p o l y h e d r a l  forms,  c o n c e p t s  

o f  t r a n s f o r m a t i o n s ,  and t h e  c o n c e p t  o f  d u a l i t i e s ;  t h r e e  

b a s i c  c o n c e p t u a l  s o l u t i o n s  were  d e r i v e d  f o r  f i l l i n g  t h e  v o i d  

a r e a s  c r e a t e d  d u r i n g  t h e  t r a n s f o r m a t i o n  o f  t h e  P l a t o n i c  

p o l y h e d r a :  DoubZe-rotation-translation transformation, 

Folding rotation-trans lation transformation, and Fanning 

rotation-trans Zation transformation. 

D o u b l e  R o t a t i  o n - T r a n s l a t i o n  T r a n s f o r m a t i o n  

The doubZe rotation-translation transformation c o n c e p t  

makes use o f  t h e  c h a r a c t e r i s t i c s  o f  d u a l i t y .  As i l l u s t r a t e d  

i n  F i g u r e s  19-21,  t h e  d u a l  o f  t h e  p o l y h e d r a l  f o r m  w i l l  fill 

t h e  v o i d  a r e a s  c r e a t e d  d u r i n g  t h e  t r a n s f o r m a t i o n  o f  t h e  i n i -  
_ _ _ _  

*See F i g u r e s  11-13.  

'See F i g u r e s  14-18. 
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t i a l  p o l y h e d r o n .  ( i . e .  t h e  t e t r a h e d r o n  w i t h  i t s  d u a l  t e t r a -  

h e d r o n  t r a n s f o r m  t o g e t h e r  t o  f i l l  each  o t h e r ' s  v o i d  a r e a s ) *  

The c h a r a c t e r i s t i c s  t h a t  a r e  common t o  b o t h  f o r m s  and make 

t h i s  f i l l i n g  p o s s i b l e  a r e :  t h e  e l e m e n t  l e n g t h s  a r e  t h e  same 

f o r  t h e  i n i t i a l  p o l y h e d r o n  and t h e  f i l l i n g  p o l y h e d r o n  and 

v i c e  v e r s a ;  and t h e  r o t a t i o n  and t r a n s l a t i o n  o f  f a c e s  i n  

each t r a n s f o r m a t i o n  a r e  e q u a l .  I t  mus t  be  n o t e d  h e r e ,  how- 

e v e r ,  t h a t  w i t h  t h i s  c o n c e p t  t h e r e  i s  s u r f a c e  i n t e r f e r e n c e  

w i t h  t h e  d u a l  p a i r s :  t e t r a h e d r o n ,  t e t r a h e d r o n ;  and o c t a -  

h e d r o n ,  hexahedron. '  B u t ,  w i t h  t h e  d u a l  p a i r  dodecahedron,  

i cosahedron  , t h e  i cosahedron can be c o n t a i n e d  w i t h i n  t h e  

dodecahedron  and no  s u r f a c e  i n t e r f e r e n c e  r e s u l t s .  
i 

F o l d i n g  R o t a t i o n - T r a n s l a t i o n  T r a n s f o r m a t i o n  and F a n n i n g  Ro- 

t a t i o n - T r a n s l a t i o n  T r a n s f o r m a t i o n  

The t w o  f i l l i n g  c o n c e p t s ,  Folding  and FannCng r o t a t i o n -  

t r a n s l a t i o n  t r a n s f o r m a t i o n ,  make use  o f  t h e  Folding  concept  

and  Fan concept  o f  expandab le  s t r u c t u r e s .  As i l l u s t r a t e d  i n  

F i g u r e s  22-26 t h e  a p p r o p r i a t e  p o l y g o n  f a c e  i s  h i n g e d  and 

e i t h e r  f a n n e d  o r  f o l d e d  i n t o  t h e  v o i d  a r e a  t h u s  f i l l i n g  t h e  

v o i d s  c r e a t e d  d u r i n g  t h e  t r a n s f o r m a t i o n  o f  t h e  p o l y h e d r o n .  

W i t h  t h e  a i d  o f  t h e  p o l y h e d r a l  n e t s ,  t h e  s u r f a c e  h i n g i n g  

p o s i t i o n s  can  be r e a d i l y  seen. I t  m u s t  be n o t e d  t h a t  t h e  

h i n g i n g  o f  s q u a r e  f a c e s ,  i n  t h e  case of  t h e  o c t a h e d r o n  t r a n s -  

*See F i g u r e  19.  

'See F i g u r e s  19-20. 

)See F i g u r e  21. 
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f o r m a t i o n ,  and t h e  h i n g i n g  o f  t h e  p e n t a g o n a l  f a c e s  i n  t h e  

case of  t h e  i c o s a h e d r o n  t r a n s f o r m a t i o n ,  became v e r y  awkward 

and w o u l d  p e r h a p s  be  d i f f i c u l t  t o  pack.*  The p o l y g o n s ,  

however ,  t h a t  a r e  used  t o  f i l l  t h e  v o i d  a r e a s  i n  t h e s e  cases  

may be s e c t i o n e d  i n t o  t r i a n g l e s  and h i n g e d  f r o m  each s i d e  

o f  t h e  e x i s t i n g  f a c e s  and l o c k e d  i n t o  t h e i r  s q u a r e  o r  pen-  

t a g o n a l  p o s i t i o n  a f t e r  t h e  t r a n s f o r m a t i o n .  
t 

*See F i g u r e s  24  and 25. 

+See F i g u r e  27. 
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F i g u r e  11 

Dual F a m i l y  T e t r a h e d r o n - T e t r a h e d r o n  

F i g u r e  1 2  

Dua Z F ami l y Dodecahedron-  IC o sa he &on 

F i g u r e  13 

Dual Fami ly  Hexahedron-Octahedron 



TABLE V 

TRANSFORMATIONS O F  
PLATONIC POLYHEDRA 

TETRAHEDRON - OCTAHEDRON* 
OCTAHEDRON ICOSAHEDRON- HEX OCTAHEDRON^ 
HEXAHEDRON -- HE x o CT A H ED RO N+ 
ICOSAHEDRON 
DODECAHEDRON -- ICOSADODECAHEDRON** 

-- I C 0 SAD 0 D E C A H ED RO N " 

VERTICES 

TETRAHEDRON 4 
OCTAHEDRON 6 
HEXAHEDRON 8 
ICOSAHEDRON 12 
DODECAHEDRON 20 
HEXAHEDRON 12 
ICOSADODECAHEDRON 30 

FACES 

4 
8 
6 
20 
12 
14 
32 

EDGES 

6 
12 

30 
30 
24 
60 

i z  

4 - -  
8 - -  
- 6 -  
20 - - 

12 
8 6 -  
20 - 1 2  

- -  

FACES FACES 
EX I STING 

Void Exi s ti  ng 
TETRAHEDRON A -4 - OCTAHEDRON A -4-A -4 
OCTAHEDRON A -8- HEXOCTAHEDRON A -%El -6 
HEXAHEDRON -6- HEXOCTAHEDRON -6 A -8 
ICOSAHEDRON A-20- ICOSADODECAHEDRON A-20\,Q-12 
DODECAHEDRON 0 - 1  2- ICOSADODECAHEDRON 0-1 2-A-20 

*See Figure 14  

'See Figure 1 5  

+See Figure 16  

"See Figure 17 

**See Figure 18. 
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F i g u r e  1 4  

T r a n s f o r m a t i o n  of T e t r a h e d r o n  

- 2 9 -  



/ ....... . \ 
............... .................. .................... .......................... ............... 

.................. ........................ ......................... ............. ...... ............ ............. ............... 

.......... :. - : x  .:..... :.:. ...... 'q ....... I 

'. / 

I 
Octahedron 

'\@ ..:. ......... :;;;;+:. ;:::::. ::::<;:::i.+. ..::.. -.. ....... ....... 
.. ...f.. . ::;;<2[g:- :::. - 
.:: :... ..::- 
..... .......... ............... ........ ... 

I 

I 
Hexoctahedron 

-- - 
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Trans format ion  of Octahedron 

-30- 



I 

H e x o c t a h e d r o n  

Figure 16 

Transformation of HexahedPon 
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Icosahedron 

Icosadodecahedron 

Figure 17 

Trans format ion  of I cosahedron  

-32-  



............ ..................... ........... ......................... .. ....*.....*'......>.. ...... ........................... ........................... ................................... ........................ .................... ................................. 
..:.e ..:.:.. .......................... ............................. .................. =*.:.-. ..:.:.:.:-:.I.: .. .................................... 
....................... ................................ 

..:..:.:..:.: :.:.:.:.:.:.:.:.:.- ................. e*:.:.:.:.:.>:. ......... :.:.:.:.: ..... 

@ ......................... ................................ .............................. ............................. :.x.:.:.:.- 
..................... .................... .................... .................. 

.... ......... 
Dodecahedron 

V- ... 
Icosadodecahedron 

Figure 18 

Transformation of Dodecahedron 
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F i g u r e  1 9  

Double Trans format ion  of Te t rahedron-Te t rahedron  
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Figure  20 

Double Transformation of Hexahedron-Octahedron 
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Double 

F i g u r e  21 

Transformantion o f  I cosahedron-Dodecahedron  
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FoZding 

Fanning 
Figure  2 2  

Folding-Fanning T r a n s f o r m a t i o n  of Te t rahedron  
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Fold ing  

Net 

Fold ing-Fann ing  

Fanning 
Figure  2 3  

T r a n s f o r r a t i o n  of Octahedron  
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1 I 

F o l d i n g  

Net 

Fanning 
F i g u r e  2 4  

P o  1 d i v g -  Fanning T r a n s f o r m a t i o n  of Hexahedron 
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Fo Zding 

ATe t 

Fanning 
Figure 25 

FoZding-Fanning Transformation of Icosahedron 
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FoZdCng 

Fanning 
Figure 26 

Folding-Fanning Transformation of Dodecahedron 
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Figure  27 

Polygon S e c t i o n i n g  For F i l l i n g  V o i d s  
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V SUMMARY A N D  CONCLUSIONS 

Man has  c o n t i n u a l l y  preoccupied  himself w i t h  s e e k i n g  

v a r i o u s  k i n d s  o f  o r d e r  w i t h i n  h i s  envi ronment .  One group of  

s c h o l a r s  who s t u d i e d  o r d e r l i n e s s  was t h e  Greeks who e n v i s i o n -  

ed what we c a l l  polyhedra. Another  d i s p l a y  of o r d e r  was 

found by Haechel .  T h e  radiotaria (mic roscop ic  s k e l e t o n s  of  

s e a  c r e a t u r e s )  t h a t  he d i s c o v e r e d  had many o f  t h e  p r o p e r t i e s  

of  po lyhedra  o c c u r i n g  i n  n a t u r e .  A n d  i n  more r e c e n t  t i m e s  

t he  s t u d y  of closest packing of spheres r e v e a l e d  c l o s e  r e -  

l a t i o n s h i p s  t o  po lyhedra .  

I n  1 9 4 7 ,  R .  Buckminster F u l l e r  presented,  through h is  

s t u d i e s  o f  c l o s e s t  pack ing ,  t h e  "Jitterbug" which i l l u s t r a t e d  

a new c o n c e p t  of  t he  o r d e r l i n e s s  of po lyhedra .  Through t h e  

s t u d i e s  stemming from t h e  "Jitterbug" evolved  t h e  t r a n s f o r m a -  

t i o n  c o n c e p t  o f  po lyhedra .  I n  c o n t r a s t  t o  t h e  c l a s s i c a l  

t r a n s f o r m a t i  on t h e  r o t a  ti on-translation t r a n s f o r m a  t i  on con- 

c e p t  has  an o r d e r l y  c h a r a c t e r i s t i c  a b o u t  i t .  The r o t a t i o n -  

t r a n s l a t i o n  t r a n s f o r m a t i o n  concep t  i n t r o d u c e s  a new means of 

expanding  a s t r u c t u r e .  Expansion i s  accompl ished  by a l l o w i n g  

e a c h  f a c e  of a polyhedron t o  r o t a t e  a b o u t  i t s  a x i s ,  t r a n s l a t e  

upon i t s  a x i s ,  and m a i n t a i n  c o n n e c t i o n  w i t h  one of i t s  p a i r e d  

v e r t i c e s ;  by doing  s o  one polyhedron form i s  t r ans fo rmed  i n t o  

a n o t h e r  form w i t h  more s u r f a c e  a r e a  and a l a r g e r  volume. 

P r i o r  t o  t h e  t r a n s l a t i o n  a known c o n f i g u r a t i o n  and number 

o f  f a c e s  e x i s t ,  and a f t e r  the t r a n s f o r m a t i o n  a n o t h e r  con- 
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f i g u r a t i o n  e x i s t s  w i t h  a n  increased number o f  faces .  The con- 

f i g u r a t i o n  a f t e r  the transformation maintains only the number 

o f  faces  t h a t  i t  began w i t h  a n d  the increased number e x i s t s  

as voids. T h i s  study revolved a r o u n d  conceptual means f o r  

f i l l i n g  these voids created d u r i n g  the t ransformation.  Three 

concepts f o r  f i l l i n g  the v o i d s  were presented: double r o t a t i o n -  

t r ans  1 a t i  o n  t r a n s  f o r m a t i  on,  f a n n i  n g  r o t a t i  on-  t rans1 a t i  on t r a n s -  

f ormati on , a n d  f o l  d i  ng r o t a t i  on -  t r ans  1 a t i  on t ransf  o rma t  i o n .  

The f i r s t  concept takes advantage of polyhedra duals a n d  

the  transformation concept i t s e l f ,  a n d  uses the d u a l s  t o  f i l l  

each o ther .  The disadvantages t o  t h i s  concept i s  t h a t  t he re  

i s  sur face  in t e r f e rence  ex i s t ing  except i n  the  case of  the 

icosahedron, dodecahedron dual. 

The l a t t e r  two concepts make use o f  the  " c l a s s i c a l "  

f o l d i n g  a n d  fan concepts. Faces a re  hinged t o  the ex i s t ing  

sur faces  a n d  a r e  e i t h e r  folded o r  fanned i n t o  pos i t ion .  A 

disadvantage ex i s t ing  a r o u n d  these two concepts i s  the  awkward-  

ness o f  hinging the square polygons i n  the  case o f  the  o c t a -  

hedron transformation a n d  the h i n g i n g  of the  pentagonal p o l y -  

gons i n  the  case o f  the  icosahedron t ransformation.  By 

d iv id ing  these awkward su r f aces ,  however, i n t o  t r i a n g u l a r  

polygons a n d  locking them i n t o  pos i t ion  a f t e r  the transforma- 

t i o n  t h e  awkwardness i s  deleted.  
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PROJECTED RESEARCH 

W i t h  t h e  i n t r o d u c t i o n  o f  t h e  t r a n s f o r m a t i o n  c o n c e p t ,  an 

e n t i r e  new a r e a  was opened f o r  r e s e a r c h .  T h i s  r e p o r t  d e a l t  

o n l y  w i t h  one m i n u t e  e n t i t y  o f  t h e  c o n c e p t .  The r e s e a r c h  

done, however ,  i n t r o d u c e d  many p r o b l e m  a r e a s  y e t  t o  be i n -  

v e s t i g a t e d .  

S e v e r a l  c o n c e p t u a l  s t u d i e s  p r o p o s e d  f o r  f u r t h e r  r e s e a r c h  

s tem f rom t h e  i n v e s t i g a t i o n  d i s c u s s e d  i n  t h i s  r e p o r t .  One 

such  a r e a  i n d i c a t e d  i s  an  i n v e s t i g a t i o n  o f  t h e  f o r m s  c r e a t e d  

d u r i n g  t h e  t r a n s f o r m a t i o n  o f  p o l y h e d r a  as i l l u s t r a t e d  i n  

F i g u r e  28. I n s t e a d  o f  t h e  f a c e  r o t a t i o n - t r a n s l a t i o n  t r a n s -  

f o r m a t i o n  d i s c u s s e d  i n  t h i s  r e p o r t ,  a c o n c e p t  o f  e l e m e n t  f a c e  

r o t a t i o n - t r a n s l a t i o n  t r a n s f o r m a t i o n  i s  used.  

A n o t h e r  a r e a  n e e d i n g  s t u d y  i s  t h a t  o f  t h e  A r c h i m e d i a n  

o r  s e m i - r e g u l a r  p o l y h e d r a l  f o r m s  w h i c h  may u l t i m a t e l y  l e a d  

i n t o  t h e  f a m i l i a r  G e o d i s t i c  I c o s a h e d r o n  o r  F u l l e r  domes. I t  

was n o t e d  d u r i n g  t h e  i n v e s t i g a t i o n  t h a t  s i m i l a r i t i e s  d i d  

a p p e a r  among t h e  r e g u l a r  p o l y h e d r o n  and t h e  g e o d i s t i c  con-  

f i g u r a t i o n s  used  i n  c o n s t r u c t i o n  o f  s p h e r i c a l  domes. 

A n o t h e r  i n t e r e s t i n g  c o n c e p t  t h a t  may w a r r a n t  i n v e s t i g a -  

t i o n  i s  t h a t  o f  p o l y h e d r a l  c y c l i n g .  I t  was n o t e d  i n  f i l l i n g  

t h e  v o i d  a r e a s  c r e a t e d  d u r i n g  t h e  t r a n s f o r m a t i o n  t h a t  i f  an 

a p p r o p r i a t e  number o f  f a c e s  were  used  i n s t e a d  o f  a s i n g l e  

f a c e  t o  f i l l  t h e  v o i d ,  a c y c l i n g  e f f e c t  t o o k  p l a c e .  The 

f a c e s  t o  be used  need t o  have t h e  same l e n g t h  o f  e l e m e n t  as 

t h e  e x i s t i n g  s u r f a c e s .  They a l s o  need t o  be e q u a l  i n  number 
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t o  t h e  e x i s t i n g  exposed s i d e s .  ( i . e .  t h e  o c t a h e d r o n  t r a n s -  

f o r m s  i n t o  t h e  h e x o c t a h e d r o n  l e a v i n g  s q u a r e  v o i d  a r e a s .  I n -  

s t e a d  o f  f i l l i n g  t h e  v o i d s  w i t h  s q u a r e  s u r f a c e s ,  t h e y  a r e  

f i l l e d  w i t h  f o u r  t r i a n g l e s  t h a t  match  t h e  e x i s t i n g  s u r f a c e s .  

The r e s u l t  i s  t h e  o r i g i n a l  o c t a h e d r o n  f o r m  o n l y  e n l a r g e d  i n  

vo lume and s u r f a c e  a rea .  The o r i g i n a l  t r a n s f o r m a t i o n  a x i s  i s  

r e t a i n e d  and t h e  c y c l i n g  can be r e p e a t e d . ) *  I t  i s  c o n c e i v a b l e  

t h a t  t h r o u g h  l o c k i n g  and r e t r a n s f o r m i n g  t h e  c y c l i n g  c o u l d  

t a k e  p l a c e  as many t i m e s  as p h y s i c a l l y  o r  m e c h a n i c a l l y  pos -  

s i b l e .  

7 - 1 -  , ~ , ~ , . ~  - ._ - is aiso I - -  L--A..-...- : . . . r A ” + l n % + l - - r  

t h e  p r o b l e m s  o f  j o i n t i n g ,  h i n g i n g ,  r o t a t i n g ,  t r a n s l a t i n g  

and t r a n s f o r m i n g  t h e  p o l y h e d r a .  T h e r e  a r e  u n i q u e  c h a r a c t e r i s -  

t i c s  w h i c h  w a r r a n t  i n v e s t i g a t i o n  i n  t h e s e  d i r e c t i o n s  t o  a i d  

i n  a p p l i c a t i o n s  o f  t h e  t r a n s f o r m a t i o n  c o n c e p t .  

i u i  t ia i  u w a i c  i i i v c a c i y a c i u i i a  t~ n f i s ~ e r  

I t  i s  q u i t e  e v i d e n t  t h a t  t h e r e  i s  much needed r e s e a r c h  

t o  make t h e  t r a n s f o r m a t i o n  c o n c e p t  an a p p l i c a b l e  one f o r  

p r a c t i c a l  e x p a n d a b l e  s t r u c t u r e s .  

*See F i g u r e  29. 
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Po l y  hedron Transformation Cyc le 
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A P P E N D I X  

P R O P E R T I E S  O F  THE PLATONIC 
SOLIDS + 2 

I n  t h e  f o l l o w i n g  t a b l e s  show ing  
t h e  p r o p e r t i e s  o f  t h e  r e g u l a r  
p o l y h e d r a ,  t h e  v e r t i c e s  a r e  
g i v e n  i n  te rms  o f  t h e  C a r t e s i a n  
c o - o r d i n a t e s .  I n  each p o l y -  
h e d r o n  t h e  most i m p o r t a n t  d i -  
mensions a r e  g i v e n  i n  t e r m s  o f  
a s i m p l e  c h o i c e  o f  d i m e n s i o n  
edge. The d i m e n s i o n s  a r e  ex -  
p r e s s e d  i n  t e r m s  o f  t h e  u n i t s  
chosen f o r  t h e  edge.* Each 
one i s  t h e n  computed f o r  a 
u n i t  edge o f  4. 

( T A B L E  V I )  

C U R E  

V = 8  F = 6  E = 1 2  

Dihedral $ = 90" 

Ventri c e s  

Edge 

Face diagonal 

Body diagonal 

A r e a  o f  Face 

Vo 1 ume 

( 1 h .  1 / 2 .  1 / 2 )  

1 1 

P 1 . 4 1 4 2 1  

JJ 1. 7 3 2 0 5  

1 1 

1 1 

( 2 ,  2 ,  2 )  

4 4 

4 f l  5 . 6 5 6 8 4  

4 4 3  6 . 9 2 8 2 0  

1 6  16 

6 4  64 

*Kasper  1, p p .  43-49. 
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(TABLE v I I j  

TETRAHEDRON 

V . 4  F . 4  E . 6  

D i h e d r a l  # = 70 '32 '  

V e r t i c e s  

C e n t r e  t o  mid  edge 

C e n t r e  t o  c e n t r e  

C e n t r e  t o  v e r t e x  

Edge 

M i d  edge t o  c e n t r e  

Mid  edge t o  v e r t e x  

Mid  edge t o  o p p o s i t e  
mid edge 

H e i g h t  ( v e r t e x  t o  

o f  f a c e  

o f  f a c e  

c e n t r e  o f  o p p o s i t e  
f a c e )  

Area o f  f a c e  

V o l  ume 

1.41420 0 .  3 5 3 5 5  

2 

P 0.81648 

2.1.4948 

4.00000 

0-20r12 

G -  61237 

1.00000 

6 
c 

2 

P 3 . 1 5 4 7 2  

3.46412 

0. 2 8 8 6 8  

G .  86603 

h 0.70711 2 .  82844 

$4- 4- 
c 

1 

0 . 3 1 6 5 0  3.2 5 6 0 0  

0.43301 

0.11785 

6 . 9 2 8 1 6  

7.54240 

(TABLE V I I I )  

OCTAHEDRON 

V = 6  F = 8  E x 1 2  

D i h e d r a l  d = 1 0 9 ' 2 8 '  

V e r t i c e s  

Edge 

C e n t r e  t o  v e r t e x  
/+ 

t 
0 . 7 0 7 1 1  

0 . 5 0 0 0 0  

0 . 4 0 8 2 5  

2.82844 

2 . 0 0 0 0 0  
C e n t r e  t o  mid edge 

2 

C e n t r e  t o  c e n t r e  
o f  f a c e  1 . 6 3 3 0 0  

H i d  edge t o  n e a r  
v e r t e x  /I 

2 0 . 8 6 6 0 3  3 4 6 4 1  2 

H i d  edge t o  d i s t a n t  
v e r t e x  4 . 4 7 2 1  2 1 . 1 1 8 0 3  

Area o f  f a c e  4/5 

w 
6 . 9 2 8 1 6  

3 0 . 1 6 9 6 0  

0 . 4 3 3 0 1  

0 . 4 7 1 4 0  Vol  ume 



(TABLE 1 X )  

I C O S A H E D R O N  

V = 1 2  F.20 E = 3 0  

Dihedral 1 = 138'12' 

1 1 4 Edge 
4 

Centre t o  vertex 0 . 9 5 1 0 6  2 (  5 1 ' 4 ) f l  3 . 8 0 4 2 4  

Centre t o  mid edge 4 0 . 8 0 9 0 2  2P 3 . 2 3 6 0 8  

Centre t o  centre  
0.75576 3 . 0 2 3 0 4  o f  face  

Area o f  f a c e  

Volume 

6 . 9 2 8 1 6  G 0.43301 4/5 

1 6 0 P i  
3 1 3 9 . 6 2 8 1 6  2 . 1 8 1 6 9  

( T A B L E  X )  

R E G U L A R  ( P E N T A G O N A L )  D O D E C A H E D R O N  

V - 2 0  F = 1 2  E = 3 D  

Dihedral 4 = 116'34' 

t p  = 1 + r; = 1 . 6 1 8 0 3 ;  1 = p - I ;  p 2  = P + l ;  f l  = p + 2  - z P 

Verticest ( 0 .  *:* i f 2 )  ( 1 ; .  1 & )  (0. f 2 . ' 2 P 2 )  ( ' 2 .  2 P ?  0 )  

( ' i P T  0, 1 2 )  ( 1 2 P .  1 2 P ,  1 2 P )  'P) 

Edge 1 1 4 4 

Centre t o  vertex % 1 . 4 0 1 2 6  2 p / 5  5 . 6 0 5 0 4  

Centre to m i d  edge 92 1 . 3 0 9 0 2  2 P 2  5 . 2 3 6 0 8  

s - 7  1 . 1 1 3 5 2  + 4 . 4 5 4 0 8  

5 3 / : p 3 / 2  
4 ( 5 3 / 4  P 2 1 3 )  2 7 . 5 2  7 6 8  Area o f  face 1 . 7 2 0 4 8  

Centre t o  centre 
of face 

4 9 0 . 4 3 9 6 8  Volume 7 . 6 6 3 1 2  3 2 P 2 / T  
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(TABLE X I )  

C U B O C T R A H E D R O N  

V = 1 2  F = 1 4  E - 2 4  

Dihedral 4 = 125"16' 

1 1 Edge 

Centre t o  vertex 

Centre t o  m i d  edge 

Centre t o  cen t r e  of 
square f ace  

Centre t o  cen t r e  of 
t r i a n g u l a r  f ace  

Vertex t o  cen t r e  of 
square face 

Vertex t o  cen t r e  o f  
t r i a n g u l a r  face 

Area of square face 

Area of t r i a n g u l a r  
f ace  

Volume 

1 1 

G 0.86603 
2 

1 0.70711 6 

- 2 0.61650 
3 

0.70711 

0.57735 

1 1 

0.43301 

2.35702 

45 

5 f i  

-T 

3 

4 

4 

2 JT 

4 
fi 

42- 
3 

4 
E 

47 
4 

16 

4J3 

320fi 
3 

Edge 

Cent re  t o  v e r t e x  

Cent re  t o  mid edge 

Cent re  t o  c e n t r e  of 
t r i a n g u l a r  f a c e  

Cent re  t o  c e n t r e  o f  
pentagonal f a c e  

Vertex t o  c e n t r e  o f  
t r i a n g u l a r  f a c e  

Vertex t o  c e n t r e  o f  
pentagonal f a c e  

Mid edge t o  c e n t r e  
of t r i a n g u l a r  f a c e  

Mid edge t o  c e n t r e  
of pentagonal f a c e  

Area o f  pentagonal 
f a c e  

Area of t r i a n g u l a r  
f a c e  

Volume 

( T A B L E  X I I )  

I C O S A D O D E C A H E D R O N  

V = 3 0  F - 3 6  E = 6 0  
Dihedral 4 = 142"57' 

D = 1 /5 1.61803; 1 = P-1; p = p+1; p p  = P+2 - - 
P 

1 

P 

1 

1.6180 

3 .  0777 , 1.5388 
2 

0.57735 

1.701 3 0.85065 
1 

1 0.28867 
z/r 
1 3764 0.68819 
7 

5314 p 3 1 2  1.72048 
4 

L 

4P 

2 ' 3 .  0777 

4 JT 

2'1.7013 

2 
/T 

2'1.3764 

4(53/4 p312) 

4 / 5  

4 

4 

3.46412 

2.82844 

3.26600 

2.82844 

2.30940 

16 

6.92816 

150.84926 

4 

6.4720 

6.1552 

6.0332 

5.5056 

2.2940 

3 - 4 0 2 0  

1.14468 

2.75276 

27,52768 

6.92816 
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(TABLE X I I I )  

P R O P E R T I E S  O f  THE PLATONIC SOLIDS SPHERICALLY C I R C U M S C R I B E D  

V e r t i c e s  
V.  

Faces  
F. 

Edges 
E. 

D i a m e t e r  o f  Sphere 

Edge ( 1 1  
Area  o f  f a c e  A f  

A r e a  o f  Sphere A, 

Ar:a o f  Sphere 
f a c e "  A, 

Volume o f  Sphere V, 

Volume o f  Phoyhedra 
VP 

Te t rahedron  

4 

4 

6 

d 

0.81 6 5 5 d  

0 . 2 8 8 7 d 2  

nd2 

o .  i 8 5 4 d 2  

0.52 36d 

o . 0 6 4 2 d 3  

Cube 

8 

6 

12 

d 

0 . 5 7 7  3 5d 

o .  3 3 3 3 d 2  

nd2 

0 . 5 2  36d2 

o . 5 2 3 6 d 3  

0.1925d3 

Octahedron 

6 

e 

12 

d 

0 .  i o 7 i o d  

0.21 6 5 d Z  

nd2 

o . 3 s 2 i d 2  

o . 5 2 3 6 d 3  

0.1666d3 

Dodecahedron 

20 

12 

3 0  

d 

0 . 3 5 6 6 2 d  

0.2 I 91 d2 

r d 2  

0. 2618d2 

0.52 3 6 d 3  

0 . 3 4 7 9 d 3  

I cosahedron  

1 2  

2 0  

3 0  

d 

0 . 5 2 5 7 2 d  

0.11 97d2 

nd2 

0.1 s i l d 2  

o.5236d3 

0.3170d3 
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